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ABSTRACT

1. INTRODUCTION

Recent years have witnessed a dramatic increase in the quantity of image data collected, due to advances in ﬁelds such
as medical imaging, reconnaissance, surveillance, astronomy,
multimedia etc. With this increase has come the need to be
able to store, transmit, and query large volumes of image
data eﬃciently. A common operation on image databases is
the retrieval of all images that are similar to a query image.
For this, the images in the database are often represented
as vectors in a high-dimensional space and a query is answered by retrieving all image vectors that are proximal to
the query image in this space, under a suitable similarity
metric. To overcome problems associated with high dimensionality, such as high storage and retrieval times, a dimension reduction step is usually applied to the vectors to concentrate relevant information in a small number of dimensions. Principal Component Analysis (PCA) is a well-known
dimension reduction scheme. However, since it works with
vectorized representations of images, PCA does not take into
account the spatial locality of pixels in images. In this paper, a new dimension reduction scheme, called Generalized
Principal Component Analysis (GPCA), is presented. This
scheme works directly with images in their native state, as
two-dimensional matrices, by projecting the images to a vector space that is the tensor product of two lower-dimensional
vector spaces. Experiments on databases of face images
show that, for the same amount of storage, GPCA is superior to PCA in terms of quality of the compressed images,
query precision, and computational cost.

Recent years have witnessed an explosion in the the quantity and quality of image data (both still and video) generated by diverse applications, such as medical imaging,
surveillance, reconnaissance, astronomy, multimedia, etc. Along with this increase has come the need to be able to store,
transmit, and query large volumes of image data eﬃciently.
While images are inherently 2D in nature, i.e., matrices of
pixels, the mechanisms employed to operate on them often
entail working with data in very high dimensions. The focus of this paper is on the design of a dimension reduction
scheme for eﬃcient image compression and retrieval, under
limited storage.
A common type of query on image data is the retrieval of
all images that are similar to a query image. Such a query
is useful in content-based image retrieval and has received
considerable attention in the database community [4, 5, 8].
To support such queries, the 2D images in the database are
converted to a vector-based representation and a similarity
query is answered by retrieving all vectors that are proximal to the query vector, under a suitably deﬁned similarity metric. (The hope here is that proximity in the vector
space is correlated to similarity in the image space.) Unfortunately, this image-to-vector transformation often results
in very high-dimensional data. It is not uncommon for a
2D image of size 100 × 100 pixels to generate vectors whose
dimensions run into several thousands. High dimensionality has a negative impact on virtually all aspects of image
management, including image compression, storage, transmission, and retrieval.
A natural approach for achieving better performance is to
reduce the dimensionality of the data. The idea is to apply
a preprocessing step to the data so that most information
is concentrated in a small number of dimensions. Besides
reducing storage requirements and improving query performance, dimension reduction has the added beneﬁt of often
removing noise from the data, as such noise is usually concentrated in the excluded dimensions [2].
Principal Component Analysis (PCA) is a well-known scheme for dimension reduction [12]. This approach condenses
most of the information in a dataset into a small number,
p, of dimensions by projecting the data (subtracted by the
mean) onto a p-dimensional axis system {φi }pi=1 (p is usually pre-speciﬁed or determined by heuristics). The optimal
axis system can be computed by the Singular Value Decomposition (SVD) [10]. The reduced dimensions are chosen in
a way that captures essential features of the data with very
little loss of information. PCA is popular because of its use
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of multidimensional representations for the compressed format. Such representations allow database applications such
as indexing to operate directly on the reduced representations without a ﬁrst phase of reconstruction [3]. The work
in [8, 13] adopts this approach for similarity-based image
retrieval. However, traditional PCA is applicable only for
data in vectorized representation. When raw data (say an
image) is represented in matrix form, it has to be converted
to a vector. A typical way to do this so-called “matrix-tovector alignment” is to concatenate all the rows in the matrix together to get a single vector. There are two drawbacks
to this matrix-to-vector alignment: First, spatial locality information may be lost, and, second, the alignment leads to
higher time and space costs.
Example 1.1. Figure 1 shows an example of matrix-tovector alignment. The 3 × 3 matrix on the left is aligned
to get the single vector on the right. The numbers 1–9 denote corresponding positions in the matrix and vectorized
representations. Positions 1 and 4 are neighbors in the matrix representation, while they are quite far away from each
other in the vectorized representation. The same observations hold for positions 3 and 6, etc. Also, the size of the
so-called covariance matrix in PCA is 9 × 9 in this case, as
compared to the original 3 × 3 matrix.
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Figure 1: Matrix-to-vector alignment. 1–9 denote
the positions in the matrix and vector formats.

Note that the SVD computation requires the whole data
matrix to reside in main memory, which limits the applicability of PCA to relatively small image databases. Work
has been done to address the high space complexity of PCA
from the perspective of incremental SVD [14], where new
data points are added to the database sequentially. But it
has been found that most incremental algorithms tend to
degrade in performance noticeably and frequent update is
required [14]. Some recent work [1, 7, 9] applies random
sampling to speed up the SVD computation. However, the
eﬀectiveness of these approaches is dependent on the spectral structure of the data matrix. There is little work in
addressing the issue of spatial information loss due to the
matrix-to-vector alignment in traditional PCA. The above
two drawbacks are the motivation behind this paper.

1.1 Our results
In this paper, we propose generalized PCA (GPCA) for dimension reduction which aims to overcome the drawbacks in
traditional PCA. As stated earlier, traditional PCA works
on data in vectorized representation and it computes the
p-dimensional axis system such that the projection of the
data points (subtracted by the mean) onto the vector space
spanned by this axis system has the largest variance among
all p-dimensional axes systems. In contrast, the proposed
GPCA algorithm deals with data in its native matrix representation and considers the projection onto a space, which

is the tensor product of two vector spaces. More specifically, for given integers 1 and 2 , GPCA computes the
(1 , 2 )-dimensional axis system ui ⊗ vj , for i = 1, · · · , 1
and j = 1, · · · , 2 , where ⊗ denotes the tensor product, such
that the projection of the data points (subtracted by the
mean) onto this axis system has the largest variance among
all (1 , 2 )-dimensional axes systems. We formulate GPCA
as an optimization problem in Section 4. Unlike traditional
PCA, there is no closed form solution to GPCA. We thus
derive an iterative procedure for GPCA. Our empirical results show that the algorithm usually converges to a (local)
maximum within two iterations. We perform extensive experiments on four well-known face datasets to evaluate the
eﬀectiveness of GPCA and compare it with traditional PCA.
The four image datasets consist of gray scale images with
sizes varying from 88 × 101 to 220 × 175. All images represent human faces in frontal view, roughly aligned with the
image boundaries.
Our experiments show that:
• GPCA has distinctly lower computational cost than
PCA.
Furthermore, given the same amount of space to store the
transformation matrices and the compressed images:
• GPCA yields compressed images of signiﬁcantly better
visual quality than PCA;
• GPCA achieves signiﬁcantly higher query precision than
PCA;
• GPCA uses transformation matrices that are much
smaller than PCA.
The rest of this paper is organized as follows. Section 2 illustrates the eﬀect of dimension reduction on retrieval. Section 3 gives a brief introduction to traditional PCA. Section 4 introduces generalized PCA. Experimental results are
presented in Section 5. Conclusions are oﬀered in Section 6.

2. BACKGROUND
In this section, we present the background on the KNearest-Neighbor (K-NN) query, distance measures, the effect of dimension reduction on a K-NN query due to loss
of information, and query precision (a common measure for
the eﬀectiveness of dimension reduction schemes).

2.1

K-Nearest-Neighbor query

One of the most common queries on a content-based retrieval system is of the form:
“Find the K most similar objects to a query object.”
Such a request can be formulated as a K-Nearest-Neighbor
query (K-NN query): Given a dataset S, a query object
q ∈ S, and an integer K ≥ 1, the K-NN query, selects a
subset, R(q, S), of K elements from S that have the smallest
distance from q. That is,
(i) R(q, S) ⊂ S;
(ii) |R(q, S)| = K;
(iii) ∀w ∈ R(q, S) and ∀v ∈ S − R(q, S), d(q, w) ≤ d(q, v),
where d(·, ·) is a suitable distance measure (See Section 2.2).

Example 2.1. Consider a dataset, S, of six points A, B,
· · · , F in 2D, as in Figure 2. Under the Euclidean distance
metric, a 2-NN query with point C returns B and D.
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of the information gets concentrated in a few dimensions.
A well-known solution for this is the Principal Component
Analysis (PCA), discussed in more detail in Section 3. Figure 3 shows the result of applying PCA on the six data
points from Figure 2. First, a new set of coordinate axes
(X1, Y 1) is computed. Then information about the input
points is retained along one of the two axes, in this case X1.
If we retain only the X1-coordinates of the points, then the
2-nearest neighbors of point C are B and D. Thus, the 2-NN
information for C is preserved.
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Figure 2:
dataset.

Illustrating a K-NN query on a 2D

2.2 Distance measures
An image is represented naturally as a matrix X ∈ IRr×c ,
where r is the number of rows and c is the number of columns.
By a matrix-to-vector alignment, an image can be embedded
in an N -dimensional space, IRN , for N = r × c. One way
to measure the distance between two images is to compute
the Euclidean distance between the corresponding vectors
in IRN . The Euclidean distance between two vectors is the
2-norm of the diﬀerence of the two vectors. The 2-norm of
a vector is deﬁned as follows:



Definition 2.1. The 2-norm of a vector x ∈ IRN is de√
N
2
fined as ||x||2 = xT · x =
i=1 xi , where xi denotes the
i-th coordinate of x.
The distance between two vectors in a reduced k-dimensional
space, IRk , can be measured similarly.
The notion of distance between two vectors can be extended to matrices, where the distance between two matrices
is the Frobenius norm of the diﬀerence of the two matrices.
The Frobenius norm of a matrix is deﬁned as follows:
Definition 2.2. The Frobenius norm of a matrix M =
(mij ) ∈ IRr×c is defined as



  m
=
r

||M ||F

c

2
ij .

i=1 j=1

2.3 Effect of dimension reduction on K-NN
queries
Reducing data dimensionality may result in suﬃcient loss
of information to aﬀect the output of K-NN queries. Consider the example in Figure 2. If we retain only the Xcoordinates of the points, then the 2-nearest neighbors of
point C are A and D. Likewise, if we retain only the Y coordinates of the points, then the 2-nearest neighbors of
point C are B and E. However, the 2-nearest neighbors of
point C in the original space are B and D. In either case,
there is a loss of distance information from 2D to 1D that
aﬀects the output of the 2-NN query.
A common technique to minimize the loss of information
is to apply a linear transformation on the data so that most
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Figure 3: Change of axes from (X, Y ) to (X1, Y 1).

2.4

Measure of effectiveness of dimension reduction algorithms

We can measure the eﬀectiveness of a dimension reduction
algorithm using the notion of query precision to compare
the result of a query in the original N -dimensional space
with the result in the reduced k-dimensional space. This
approach was previously used for evaluating SVD-based dimension reduction algorithms in [14, 11].
Let S N denote the set of data points (images) in the original N -dimensional space and let S k denote the set of data
points in the reduced k-dimensional space. Let R(q, S N ) be
the subset of points in S N returned by a K-NN query with
point q in S N and let R(q, S k ) be the subset of points in S k
returned by a K-NN query with the reduced-dimensional
version of q in S k . The query precision can be deﬁned as
follows:
Precision(q, N, k) =

|R(q, S N ) ∩ R(q, S k )|
.
|R(q, S N )|

Note that for a K-NN query, with query point q, |R(q, S N )|
= |R(q, S k )| = K. For the example in Figure 2, the precision of the 2-NN query with point C is 0.5 using either the
X-dimension or Y -dimension.
Key notations used in the rest of this paper are listed in
Table 1.

3. PRINCIPAL COMPONENT ANALYSIS
Principal Component Analysis (PCA) is one of the bestknown methods for dimension reduction [12]. PCA was ﬁrst
applied to reconstruct human faces in [15], in the context of
image compression. The Eigenface technique was developed
in [16].
Assume that the n images in the dataset are originally
represented in matrix form as Ai ∈ IRr×c , for i = 1, · · · , n,
where r and c are the number of rows and columns in the
image, respectively. In vectorized representation, each image Ai is represented by a single vector ai by concatenating

Notation
n
Ai
ai
r
c
N
L
R
Di
d
G
p

Description
number of points in the dataset
i-th image in matrix representation
i-th image in vectorized representation
number of rows in Ai
number of columns in Ai
dimension of ai (N = r ∗ c)
left reduction matrix by GPCA
right reduction matrix by GPCA
reduced representation of Ai by GPCA
number of rows and columns in Di
transformation matrix by PCA
reduced dimension by PCA
Table 1: Notation

all the rows in Ai together in order (a so-called matrix-tovector alignment). The dimension of the image vector ai is
thus N = r × c. The advantage of using a vectorized representation is that the n images can be represented compactly
by a single data matrix A ∈ IRn×N , where each row of A
corresponds to a single image vector ai ∈ IRN . Later computations, including the covariance matrix deﬁned below,
come directly from the data matrix A.
Definition 3.1. The covariance matrix Σ of the dataset
N
{ai }n
is Σ = Z T Z, where the i-th row of the matrix
i=1 ∈ IR
N
Z ∈ IR is ai − m and m = n1 n
i=1 ai is the mean of the
dataset.



PCA determine the N eigenvectors of the N × N covariance matrix Σ, in which the (i, j)-th entry consists of the
covariance between the dimensions i and j. The covariance
matrix Σ can be diagonalized by computing the SVD of
the matrix Z as Z = U DΦT . By diagonalizing the covariance matrix as Σ = ZZ T = (U DΦT )T (U DΦT ) = ΦΛΦT ,
where Λ = DT D, we can obtain the eigenvalues from Λ and
the orthonormal eigenvectors from Φ. The eigenvalues in
Λ are ordered in non-increasing order along the diagonal.
Let {φ}N
i=1 be the set of eigenvectors corresponding to the
columns in Φ.
The ﬁrst step for performing the dimension reduction is to
transform the data onto the new axis system {φ1 , · · · , φN }.
Hence, for a given data point x = (x1 , · · · , xN ), the coordinates in the new axis system are (x·φ1 , · · · , x·φN ). In the actual dimension reduction step, down to dimension p, we retain the p eigenvectors corresponding to the largest p eigenvalues of Σ. These p eigenvectors are {φ1 , · · · , φp }. When
the data point x is projected onto the subspace spanned by
the above p eigenvectors, the corresponding coordinates are
(x · φ1 , · · · , x · φp ).
Definition 3.2. Let S = {a1 , · · · , an } be a set of vectors in IRN . Then the variance of S is defined as var(S) =
n
n
2
1
1
i=1 ||ai − m||2 , where m = n
i=1 ai is the mean of
n−1
S, and || · ||2 denotes the 2-norm of a vector as defined in
Section 2.





The intuition behind PCA is that it maximizes the variance of the projections of the data points (subtracted by the
mean) onto the p-dimensional axis system {φ1 , · · · , φp }, as
stated below:

Proposition 3.1. Let G = [φ1 , · · · , φp ] be the matrix
consisting of the eigenvectors corresponding to the p largest
eigenvalues from Σ. Then G solves the following maximization problem:
G = arg

max

G∈IR

N ×p

:GT G=Ip

1
n−1

 ||(a − m)G|| ,
n

i

i=1

2
2

(1)



where ai is the i-th row of data matrix A, m = n1 n
i=1 ai is
the mean, and Ip is the p × p identity matrix. That is, the
projections of the data points (subtracted by the mean) onto
the p-dimensional axis system {φ1 , · · · , φp } have the largest
variance among all p-dimensional axes systems.

4. GENERALIZED PCA
The key diﬀerence between PCA and the generalized PCA
(GPCA) method that we propose in this paper is in the
representation of image data. While PCA uses a vectorized
representation of the 2D image matrix, GPCA works with a
representation that is closer to the 2D matrix representation
(as illustrated schematically in Figure 4) and attempts to
preserve spatial locality of the pixels.
We will see later in this section that the matrix representation in GPCA leads to SVD computations on matrices
with much smaller sizes. More speciﬁcally, GPCA involves
the SVD computation on matrices with sizes r × r and c × c,
which are much smaller than the matrices in PCA (where the
dimension is n×(r ×c)). This reduces dramatically the time
and space complexities of GPCA as compared to PCA. Furthermore, experimental results presented in Section 5 show
superior performance of GPCA over PCA in terms of image compression and query precision. This is partly due to
the fact that images are two-dimensional signals and there
are spatial locality properties intrinsic to images that the
representation used by GPCA seems to take advantage of.
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Figure 4: Schematic view of the key diﬀerence between GPCA and PCA. GPCA works on the original
matrix representation of images directly, while PCA
applies matrix-to-vector alignment ﬁrst and works
on the vectorized representation of images, which
may lead to loss of spatial locality information.

4.1

The GPCA algorithm

In GPCA, we consider images as two dimensional signals
and we consider the following (1 , 2 )-dimensional axis system: ui ⊗ vj , for i = 1, · · · , 1 and j = 1, · · · , 2 , where
⊗ denotes the tensor product. (We show how to compute
the vectors ui ∈ IRr×1 and vj ∈ IRc×1 later.) For a given

matrix X ∈ IRr×c , its projection onto the (i, j)-th coordinate, i.e., ui ⊗ vj is ui · X · vj . From Proposition 3.1, the
p-dimensional axis system {φ1 , · · · , φp } in PCA is computed
such that the projections of the data points (subtracted by
the mean) onto this axis system have the maximum variance among all p-dimensional axes systems. Similarly, in
GPCA, we compute an optimal (1 , 2 )-dimensional axis system ui ⊗ vj , for i = 1, · · · , 1 and j = 1, · · · , 2 , such that
the projections of the data points (subtracted by the mean)
onto this axis system have the maximum variance among all
(1 , 2 )-dimensional axes systems. Unlike PCA, however, the
projections of the data points onto the (1 , 2 )-dimensional
axis system in GPCA are matrices, instead of vectors. Similar to Deﬁnition 3.2, the mean and variance of a set of
matrices can be deﬁned as follows:
Definition 4.1. Let S = {X1 · · · , Xn } be a set of matrices in IRr×c . Then the variance of S is defined as var(S) =
n
n
2
1
1
i=1 ||Xi − X̄||F , where X̄ = n
i=1 Xi is the mean
n−1
of S, and || · ||F denotes the Frobenius norm of a matrix.





Example 4.1. To illustrate this, let’s consider the projection of X onto the (2, 2)-dimensional axis system ui ⊗vj , for
1 2 3
4 3 1 , u1 = v1 =
i = 1, 2 and j = 1, 2, where X =
2 3 1
1
0
0 , and u2 = v2 =
1 . Then the projection of X
0
0
1 2 3
1
4 3 1
0
= 1.
onto u1 ⊗v1 is u1 ·X·v1 = (1, 0, 0)
2 3 1
0
Similarly, the projections of X onto u1 ⊗ v2 , u2 ⊗ v1 and
u2 ⊗ v2 are 2, 4, 3, respectively. Hence, the the projection of X onto the above (2, 2)-dimensional axis system is
1 2
.
4 3
A simple way to compute the projection above is to form
two matrices L = (u1 , u2 ) and R = (v1 , v2 ). The projection
can then be computed by LT XR ∈ IR2×2 . Hence to compute
the optimal axis system is equivalent to computing optimal
matrices L and R with orthonormal columns.


















Let Ai ∈ IRr×c , for i = 1, · · · , n be the n images in the
dataset and M = n1 n
i=1 Ai be their mean. Let Ãi = Ai −
M , for all i. Then the variance of the projections of {Ãi }n
i=1
onto the (1 , 2 )-dimensional axis system ui ⊗ vj , for i =
1, · · · , 1 and j = 1, · · · , 2 , can be computed as
var(L, R) =

1
n−1

 ||L
n

T

Ãi R||2F ,

i=1

where L = [u1 , · · · , u1 ] ∈ IRr×1 and R = [v1 , · · · , v2 ] ∈
IRc×2 .
Formulation of GPCA GPCA aims to compute two matrices L ∈ IRr×1 and R ∈ IRc×2 with orthonormal columns,
such that the variance var(L, R) is maximum.
Unfortunately, there is no closed form solution to the maximization problem [17]. The main observation, which leads
to an iterative algorithm for GPCA, is stated in the following theorem:



Theorem 4.1. Let L, R be the matrices maximizing the
n
T
2
1
variance var(L, R) = n−1
i=1 ||L Ãi R||F . Then



• For a given R, matrix L consists of the 1 eigenvectors
T
n
T
corresponding
of the matrix ML =
i=1 Ãi RR Ãi
to the largest 1 eigenvalues.



• For a given L, matrix R consists of the 2 eigenvectors
T
T
of the matrix MR = n
i=1 Ãi LL Ãi corresponding to
the largest 2 eigenvalues.
Proof.



n
i=1

||LT Ãi R||2F can be written as

 trace(L
n

T



T

Ãi RRT Ãi L) = trace LT ML L ,

i=1

where the trace of a matrix is the sum of the diagonal entries in the matrix. Hence, for ﬁxed R, the maximum of
n
T
2
T
i=1 ||L Ãi R||F is obtained, if and only if trace L ML L
is also maximized.
Let the eigen-decomposition of ML be ML = U ΛU T ,
where U has orthonormal columns, Λ = diag(λ1 , · · · , λr ),
and λ1 ≥ · · · ≥ λr ≥ 0. It can be shown that trace LT ML L
1
≤ i=1
λi , and the maximum is obtained if L ∈ IRr×1 consists of the 1 eigenvectors of the matrix ML corresponding
to the largest 1 eigenvalues. (We omit the proof due to
space limitation.)
Similarly, by the commutative property of the trace of matrices, that is, trace(AB) = trace(BA), for any two matrices
T
2
A and B, n
i=1 ||L Ãi R||F can also be written as















 trace(R
n

i=1

T



T

Ãi LLT Ãi R) = trace RT MR R .



T
2
Hence, for ﬁxed L, the maximum of n
i=1 ||L Ãi R||F is obc×2
consists of the 2 eigenvectors
tained, only if R ∈ IR
of the matrix MR , corresponding to the largest 2 eigenvalues.

The maximization of the variance var(L, R) bears some
resemblance to the one in [6], where the co-clustering of the
gene expression data is considered. However, the two matrices L and R in GPCA have orthonormal columns, while
they satisfy a speciﬁc discrete structure in [6].
Remark 4.1. In typical images, the number of rows and
the number of columns are comparable. Therefore, when reducing the dimension using GPCA, we take 1 = 2 = d.
This is only for simplicity in the exposition; our method can
be extended easily to the more general case.
Theorem 4.1 provides us an iterative procedure for computing L and R. More speciﬁcally, for a ﬁxed L, we can
compute R by computing the eigenvectors of the matrix MR .
With the computed R, we can then update L by computing
the eigenvectors of the matrix ML . The procedure can be
repeated until the result converges (we prove convergence in
Section 4.2). Theoretically, the solution from this iterative
procedure is a local solution. The solution depends on the
initial choice, L0 , for L. Experiments show that choosing
L0 = (Id , 0)T , where Id is the identity matrix, produces excellent results. We use this initial L0 in all the experiments.
Given L and R, the projection of Ãi onto the axis system
by L and R can be computed by Di = LT Ãi R.

Conversely, given L, R and {Di }n
i=1 , we can reconstruct
T
{Ãi }n
as
Ã
≈
LD
R
,
i.e.,
A
≈
LDi RT + M , for i =
i
i
i
i=1
1, · · · , n, where M is the mean. The reconstruction error for Ãi can be computed as Ei = ||Ãi − LDi RT ||F =
||Ãi − LLT Ãi RRT ||F . We deﬁne the root mean square error (RMSE), to measure the average reconstruction error as
follows:



 1  ||Ã − LL
RMSE ≡ 
n

Proof. Theorem 4.1 implies that the update of the matrices R and L in Lines 11 and 14 of Algorithm 1 inn
T
2
1
creases the variance n−1
i=1 ||L Ãi R||F , hence decreases
n
2
T
2
i=1 (||Ãi ||F − ||L Ãi R||F ).
It is easy to check by Linear Algebra that





 ||Ã − LL
n

i

n

i

T Ã RRT ||2 .
i
F

We will show in the next section that the iterative procedure for computing L and R converges, as measured by the
RMSE value. More speciﬁcally, we will show that the iterative procedure monotonically decreases the RMSE value,
hence it converges, since the RMSE value is bounded from
below by 0. A user-deﬁned threshold η is used to check
the convergence (more details are given in the next section).
The pseudo-code for the GPCA algorithm is given in Algorithm 1.
Algorithm 1 GPCA(A1 , · · · , An , d)
Input: A1 , · · · , An , d
Output: L, R, D1 , · · · , Dn
begin
0. M = n1 n
j=1 Aj // Compute the mean
1. for j from 1 to n do begin
2.
Ãj = Aj − M
3. end
4. L0 ← (Id , 0)T
5. i ← 0
6. RMSE(i) ← ∞
7. Do
T
T
8.
form the matrix MR = n
j=1 Ãj Li Li Ãj
R d
9.
compute the d eigenvectors {φj }j=1 of MR
corresponding to the largest d eigenvalues
10.
i←i+1
R
11.
Ri ← φR
1 , · · · , φd
T
T
12.
form the matrix ML = n
j=1 Ãj Ri Ri Ãj
L d
13.
compute the d eigenvectors {φj }j=1 of ML
corresponding to the largest d eigenvalues
L
14.
Li ← φL
1 , · · · , φd










T
T 2
15.
RMSE(i) ← n1 n
j=1 ||Ãj − Li Li Ãj Ri Ri ||F
16 Until (RMSE(i − 1) − RMSE(i) ≤ η)
17. L ← Li
18. R ← Ri
19. for j from 1 to n do begin
20.
Dj ← LT Ãj R
21. end
22. return(L, R, D1 , · · · , Dn )
end

2
i F

− ||LT Ãi R||2F ).

Theorem 4.2 shows that we can check the convergence of
Algorithm 1 using the RMSE value. More speciﬁcally, let
RMSE(i) and RMSE(i − 1) be the RMSE values at the ith and (i − 1)-th iterations from Algorithm 1. Then, the
convergence of the GPCA algorithm can be determined by
checking whether RMSE(i − 1) − RMSE(i) < η, for some
small threshold η > 0. In all our experiments, we choose
η = 0.05.

4.3

A detailed example

To illustrate the GPCA algorithm, we generate three matrices with integer entries (for simplicity). The dimensions of
the matrices are 3 × 3. That is, the number of points n = 3,
the number of rows r = 3, and the number of columns c = 3.
We also set d = 2. The three matrices {Ai }3i=1 are:

A1

112
: 4 8 6

, A2

0 2 3

685
: 3 5 7

, A3

2 2 3

238
: 2 2 8

.

1 5 3

By subtracting their mean, we obtain {Ãi }3i=1 as:

 −1 −1 3
, Ã
, Ã :  −1 −3 1
Ã
−1 −1 0
0 2 0
1 0
In Line 4 of the GPCA algorithm, we set L =  0 1 .
1

 −2 −3 −3
:  1 3 −1

2

3
: 0

4 0
0 0
1 −1 0

.

3

0

0

 16
=  25

0

The matrix MR in Line 8 can be computed as

 Ã
=
3

MR

T
T
i L0 L0 Ãi

25
1
44
0
1
0 20

i=1

.

By computing the two eigenvectors of MR corresponding
to the largest two eigenvalues (d = 2) as in Line 9, we obtain

 −0.5058
=  −0.8626

0.0332
−0.0346
−0.0131
0.9989

4.2 Convergence of the GPCA algorithm

Theorem 4.2. The Do-Until Loop in the Algorithm 1
(Lines 7–16) monotonically decreases the RMSE value as
defined in (2), hence the GPCA algorithm converges.

n

i=1

R1
In this section, we prove the convergence of the iterative
procedure (Lines 7–16 in the GPCA algorithm). The result
is stated in following theorem:

(||Ã ||

It follows that the RMSE value decreases monotonically.
The Do-Until Loop in Algorithm 1 thus converges, since
the RMSE value is bounded from below by 0.





Ãi RRT ||2F =

i=1

(2)

i=1



T

,

which corresponds to Line 11 of the GPCA algorithm. With
the computed R1 , the matrix ML in Line 12 can be computed as

 Ã R R
=
3

ML

i

i=1

1

T
1 Ãi

 57.4279
=  −0.7428

−0.7428
0.6993
21.2650 −9.6046
0.6993 −9.6046
4.9851

,

By computing the two eigenvectors of MR corresponding
to the largest two eigenvalues as in Line 13, we obtain
L1

 −0.9995
=  0.0253

−0.0305
−0.9071
−0.0179
0.4198

.

With the computed R1 and L1 , we can compute the root
mean square error (RMSE) in Line 15 as



 1  ||Ã − L L
RMSE(1) = 
3

3

i

1

T
T 2
1 Ãi R1 R1 ||F

= 1.2722.

i=1

The above procedure can be repeated and at the end of
the second iteration (details omitted), we obtain
R2

 −0.4904
=  −0.8714

0.0391
−0.0328
−0.0094
0.9987

, L2



 1  ||Ã − L L
RMSE(2) = 

 −0.9996
=  0.0257

−0.0297
−0.9068
−0.0151
0.4206

and the new RMSE value can be computed by
3

3

i

2

T
T 2
2 Ãi R2 R2 ||F

= 1.2696.

i=1

Since RMSE(1) − RMSE(2) = 0.0026 < η = 0.05, the algorithm exits the Do-Until Loop in Lines 7–16 after the
second iteration. We obtain L ← L2 and R ← R2 in Lines
17 and 18 respectively. The projections of {Ãi }3i=1 onto the
(2, 2)-dimensional axis system, which is the tensor product
of the space spanned by the two columns of L and the other
space spanned by the two columns of R, can be computed
in Line 20 as
D1

= LT Ã1 R =

−3.7219 2.9476
3.2720 1.0449

D2

= LT Ã2 R =

4.9490 0.0127
0.3073 0.0307

D3

= LT Ã3 R =

−1.2272 −2.9603
−3.5794 −1.0756

,
,
,

In summary, GPCA computes the optimal L, R ∈ IR3×2
such that the original matrices {Ãi }3i=1 ∈ IR3×3 are transformed to {Di }3i=1 ∈ IR2×2 .

4.4 Time complexity and memory requirement
4.4.1

Time complexity

We note that the most time-consuming steps of the GPCA
algorithm are the formation of the matrices MR and ML
(Lines 8 and 12 of Algorithm 1), the eigen-decompositions
in Lines 9 and 13, and the computation of the reduced representation Di in Line 20.
It takes O(n × d × r × (r + c)) for computing MR . The
computation of the d eigenvectors on MR ∈ IRc×c takes
O(c3 ). Similarly, it takes O(n×d×c×(r +c)) for computing
ML and O(r3 ) for computing the d eigenvectors on ML ∈
IRr×r [10]. The computation of Di = (LT (Ai R)) using the
given order is O(r × c × d + r × d2 ) = O(r × d × (c + d)).
Hence, the total complexity of GPCA can be simpliﬁed as
2

O(I × n × (r + c) × d + n × r × d × (c + d)),
where I is the number of iterations involved in the Do-Until
Loop in Lines 7–16 of the GPCA algorithm and the time

O(c3 + r3 ) for computing the eigenvectors in Lines 9 and
13 of the GPCA algorithm is omitted, since it is usually
negligible compared to the time for computing MR and ML .
Since n × r × d × (c + d) ≤ n × (r + c)2 × d, the time
complexity of GPCA is bounded √
above by O((I + 1) × n ×
(r + c)2 × d). Assuming r ≈ c ≈ N , where N = r × c, the
time complexity of GPCA can be simpliﬁed as O(InN d).
Experiments in Section 5 show that the GPCA algorithm
converges within two iterations, i.e., I ≤ 2.

4.4.2

Memory requirement

The memory requirement of the GPCA algorithm can
be analyzed through Lines 0, 8–9, 12–13 and 20 in Algorithm 1.
Lines 9, 13 and 20 in the algorithm only involves a single
matrix with dimension r × c. The most space-consuming
. steps are Lines 0, 8 and 12, where all Ai ’s are involved. The
key observation is that the three matrices M , MR and ML in
these three steps can be computed incrementally by reading
Ai sequentially without losing any information. Hence the
required memory for the GPCA algorithm can be as low as
O(r × c).
The fact that GPCA computes the optimal solution without requiring all data points in the memory is a major advantage of GPCA over tradition PCA, especially for large
databases. As mentioned in the Introduction, even though
the memory requirement of PCA can be reduced using an
incremental SVD algorithm or random sampling techniques,
good performance is not guaranteed.

4.5

Storage

Both PCA and GPCA can be applied for image compression. The quality of compression is dependent on the space
available for storing the transformation matrices and the
reduced representations. In general, large storage leads to
high quality of the compressed image and small storage leads
to low quality. The experimental comparison of PCA and
GPCA in the next section is based on the assumption that
they both use the same amount of storage. Hence it is important to understand how to choose the reduced dimension
for PCA and GPCA for a speciﬁc storage requirement.
r×c
The original dataset contains n images {Ai }n
,
i=1 ∈ IR
hence it requires nN scalars to store the original n images,
where N = r × c.
GPCA compresses each of the n images of size r × c to
size d × d, while it needs to keep the two matrices L ∈ IRr×d
and R ∈ IRc×d to reconstruct the original images. Hence it
requires (nd+r +c)d scalars in the reduced space by GPCA.
Next, consider PCA with p principal components. To
store the p principal components, each in IRN , it requires
pN scalars. Each image is transformed to a reduced representation in IRp , hence it requires np scalars to store the
n reduced representations. In total, it requires p(N + n)
scalars in the reduced space by PCA.
In our experiments, we choose d for GPCA and p for PCA
such that their storage requirements are (nearly) equal.

5. EXPERIMENTAL RESULTS
In this section, we experimentally evaluate the performance of the GPCA algorithm and compare it with PCA.
Note that all the comparisons between GPCA and PCA are
based on the assumption that they have the same storage requirement for the transformation matrices and the reduced

5.1 Datasets
The following are the four face datasets in our study; all
are publicly available.
• PIX1 contains 300 face images of 30 persons. The image size of PIX image is 512 × 512. We subsample the
images down to a size of 100 × 100 = 10000.

1

0.9

0.8

Precision

0.7

0.4

• AR3 is a large face image dataset. The instance of
each face may contain large areas of occlusion, due
to sun glasses and scarves. The existence of occlusion
dramatically increases the within-class variances of AR
face image data. We use a subset of AR. This subset
contains 1638 face images of 126 persons. Its image
size is 768 × 576. We ﬁrst crop the image from row 100
to 500, and column 200 to 550, and then subsample
the cropped images down to a size of 101 × 88 = 8888.
• PIE is a subset of the CMU–PIE face image dataset4 .
PIE contains 6615 face instances of 63 persons. More
speciﬁcally, each person has 21 × 5 = 105 instance
images taken under 21 diﬀerent lighting/illumination
conditions and 5 diﬀerent poses. The image size of
PIE is 640 × 480. We pre-processed each image using
a similar technique as above. The ﬁnal dimension of
each instance is 220 × 175 = 38500.
1
http://peipa.essex.ac.uk/ipa/pix/faces/manchester/testhard/
2
http://www.uk.research.att.com/facedatabase.html
3
http://rvl1.ecn.purdue.edu/∼aleix/aleix face DB.html
4
http://www.ri.cmu.edu/projects/project 418.html
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Figure 5: The eﬀect of the value of d on GPCA, as
measured by query precision
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• Olivetti Research Laboratory (ORL) face dataset is
a well-known dataset for face recognition. It contains
the face images of 40 persons, for a total of 400 images. The image size is 92 × 112. The face images
are perfectly centralized. We use the whole image
as an instance (i.e., the dimension of an instance is
92 × 112 = 10304).

0.6
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Root Mean Square Error (RMSE)

representations. All of our experiments are performed on a
P4 1.80GHz Linux machine with 1GB memory. We divide
this section into six parts. The four face image datasets used
in the experiments are described in Section 5.1. Section 5.2
discusses the eﬀect of the value of the reduced dimensionality, d, on GPCA. More speciﬁcally, we look at the eﬀect of d
on the query precision. The convergence property of GPCA
is studied in Section 5.3. A detailed comparative study between GPCA and PCA is given in Section 5.4, where the
comparison is based on the visual quality of the compressed
images. Section 5.5 compares the eﬀectiveness of GPCA and
PCA in terms of query precision. In Section 5.6, we compare
the eﬃciency of GPCA and PCA. Experiments show GPCA
has distinctly smaller cost in time than traditional PCA.
For all the experiments, we use 10-fold cross validation to
report the mean precision of a K-NN query with K = 10. In
10-fold cross validation, the entire dataset is split into ten
subsets. We use all the data points in each of the subsets
to query the set consisting of the union of the other nine
subsets. The ﬁnal precision reported is the mean precision
of all queries.

Figure 6: Convergence of GPCA

5.2

The effect of the value of d on GPCA
The value of d determines the dimensionality in the transformed space by GPCA. We did extensive experiments using
diﬀerent values of d on the four datasets. The results are
summarized in Figure 5, where the x-axis denotes the value
of d (between 2 and 20) and the y-axis denotes the query
precision. As shown in Figure 5, the precision curves on all
datasets have big jumps from d = 2 to 4 and 6.
As is clear from Figure 5, a larger value of d leads to a
higher query precision, but a higher storage requirement.
There is a clear trade-oﬀ between query precision and storage required. As discussed in last section, (nd+r+c)d scalars
are required in the reduced space by GPCA. In practice, we
can determine the maximum value of d, for a given amount
of available space.
5.3

Convergence of GPCA

We study the convergence of the GPCA algorithm in this
experiment. The results for the four datasets: PIX, ORL,
AR and PIE are shown in Figure 6, where the x-axis denotes
the number of iterations, and the y-axis denotes the Root
Mean Square Error (RMSE). We set d = 20 for the four
datasets. Figure 6 shows that the RMSE drops dramatically
during the ﬁrst and second iterations and it stabilizes after
two iterations.

5.4

Image quality under compression

Storage and transmission of large image data commonly
apply image compression (coding) as a pre-processing step.

5.5

Figure 7: First row: raw images. Second row: images compressed by PCA. Third row: images compressed by GPCA.

Both PCA and GPCA can be applied for compression. We
compare GPCA and PCA in terms of image compression,
when using the same amount of storage.
We apply PCA and GPCA on the 400 images in the ORL
dataset. We use p = 15 principal components in PCA and
set d = 20 for GPCA correspondingly. The storage requirements for GPCA and PCA are, respectively, 164080 and
160560 scalars, and the transformation matrices have size
4080 and 154560, respectively. To illustrate the diﬀerent
performance of GPCA and PCA, we show the result of 10
images from 10 diﬀerent persons in Figure 7. The 10 images
in the ﬁrst row are the raw images from the dataset. The 10
images in the second and third rows are the ones compressed
by PCA (p = 15) and GPCA (d = 20) respectively. As can
be seen, the images under GPCA are (visually) closer to the
raw images.
As a second experiment, we apply PCA and GPCA on the
1638 images from the AR dataset, with p = 62 and d = 20.
The storage requirements for GPCA and PCA are, respectively, 658980 and 652612 scalars, and the transformation
matrices have size 3780 and 551056, respectively. We show
the result on a single person (each person has 13 images) in
Figure 8. The 13 images in the ﬁrst row are the raw images
from the dataset. The 13 images in the second row are the
ones compressed by PCA (d = 62), and the 13 images in
the third row are the ones compressed by GPCA (d = 20).
Again, the quality of the GPCA images appears higher.
Figure 7 and Figure 8 show that GPCA yields visually
higher quality images than PCA, when using the same amount
of storage. This conﬁrms our initial intuition that by working on the images in the matrix representation, GPCA is
able to capture the spatial locality information intrinsic to
the images much better than traditional PCA. The result
in the next section further conﬁrms this by showing the superior performance of GPCA over PCA in terms of query
precision.

Effectiveness of GPCA measured by query
precision

In this experiment, we evaluate the eﬀectiveness of GPCA
and compare it with PCA in terms of query precision as
deﬁned in Section 2. Figure 9 shows the precision curves of
PCA and GPCA on three face image datasets: PIX, ORL,
and AR. The x-axis denotes the value of d, and the y-axis
denotes the query precision.
Note that the precision curve of PCA on the PIE dataset is
not shown, since the corresponding data matrix is simply too
large to reside in main memory. For all precision curves, the
reduced dimension p in PCA is chosen such that both PCA
and GPCA use the same amount of storage for the transformation matrices and the reduced representations. For example, on the AR dataset, p = 3, 10, 22, 40, 62 principal components are used in PCA, corresponding to d = 4, 8, 12, 16, 20
used in GPCA.
The main observations are:
• GPCA achieves noticeably higher precision than PCA
on all datasets. This suggests that GPCA is able to
capture spatial locality information better than PCA.
• The gap between the precision of GPCA and PCA
decreases as the value of d increases. This is quite
intuitive. A larger value of d leads to less information
loss and higher precision for both PCA and GPCA.
• PCA is not applicable for the PIE dataset. The size of
the PIE dataset is large, since both the number of data
points and the dimension are large. PCA requires the
whole data matrix in the main memory and is therefore
not applicable in this case, while GPCA has smaller
space requirements and is applicable for large datasets,
like PIE.
The above experiments show that GPCA is a more eﬀective dimension reduction scheme as it has signiﬁcantly lower
loss of information, i.e., high precision, when using the same
amount of storage.

5.6

Efficiency of GPCA

In this experiment, we examine the eﬃciency of GPCA
and compare with PCA. As shown in Figure 10, GPCA has
distinctly less computational time than PCA. As the size of
the dataset gets larger from PIX to ORL to AR, the speedup
of GPCA over PCA increases. For the AR dataset, GPCA
is almost two orders of magnitude faster compared to PCA.
Note that the CPU time of PCA on the PIE dataset is
not shown, due to the same reason mentioned above.

6. CONCLUSIONS

Figure 8: First row: raw images (same person). Second row: images compressed by PCA. Third row:
images compressed by GPCA.

A new dimension reduction algorithm, GPCA, is presented
for face image databases. GPCA is a signiﬁcant extension
of PCA. The key diﬀerence between GPCA and PCA is
that GPCA works on the matrix representation of images
directly, while PCA uses a vector representation. GPCA has
asymptotically minimum memory requirements, and lower
time complexity than PCA, which is desirable for large face
databases. GPCA also uses transformation matrices that
are much smaller than PCA. This signiﬁcantly reduces the
space to store the transformation matrices and reduces the
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Figure 9: Comparison of query precision on PIX, ORL and AR image datasets (from left to right).
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Figure 10: Comparison of running time (in log-scale)
using the four datasets. Note that PCA is not applicable for the PIE dataset, due to its large size.

computational time in computing the reduced representation for a query image. Experiments show superior performance of GPCA over PCA, in terms of quality of compressed
images and query precision, when using the same amount of
storage.
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